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GH IJKH JL JMIHNLJIOPH JQQNRJST IR ITH RUSOMMJIORL VHJUWNHVHLI XY JIIHVQIOLZ IR QNH[OSI ITH LRL\
RUSOMMJIH[ UQ HSINWV JI ITH ]JN [HIHSIRN WUOLZ NJIORU R^ ITH ]_` HLHNZY aX RIT NHSRLUINWSIH[ JL[ INWHb
JL[ JMUR WUOLZ J VRNH SRVQMOSJIH[ ^WMM V JINOc INJLUQRNI VHITR[ d

e fgfhijFf kC ll m finopfq fjk

rTOU JQQNRJST SJL XH WUH[ IR UIW[Y ITH HsHSIU R^ KLRtL UYUIHVJIOS HNNRNU RL ITH QJNJVHIHN VHJ\
UWNHVHLI d rTH uI QNR SH[WNH OU PHNY ^JUI v WUOLZ ITH wx`yxr QJSKJZH v JL[ VJLY QUHW[R NWLU SJL X H
WUH[ IR UIW[Y ITH HsHSIU ITJI ITH UIJIOUIOSJM HNNRNU VJY QNR[WSH IRZHITHN t OIT UYUIHVJIOS HNNRNU d rTOU
RPHNJMM UYUIHVJIOS HNNRN SJL XH zWJLIOuH[ d

m fk{C|

xL ITH SJUH R^ LR RUSOMMJIORLU v ITH QNH[OSIH[ ]JN }HIHSIRN UQ HSINWV OU ZOPHL XY IJK OLZ HJST XOL R^
ITH VHJUWNH[ `HJN }HIHSIRN NHSRLUINWSIH[ HLHNZY UQ HSINWV JL[ VWMIOQ MY OLZ XY ITH NJIOR R^ ]JN_`HJN
HPHLI NJIH OL ITJI X OL JU ZOPHL ^NRV ITH wRLIH ~JNMR d rTOU OU HcIHL[H[ IR WUH ITH INWH ]JN_`HJN NJIOR
JL[ ITHL uLJMMY IR WUH J ^W MM V JINOc V HITR[ tTOST IJKHU OLIR JSSRWLI ITH Rs\[OJZRLJM QJNIU tTOST ITH
NJIOR V HITR[U OZLRNH d

lCjFgonECj

w JLY UYUIHVJIOS HsHSIU TJPH XHHL UIW[OH[ d rTH VRUI OVQRNIJLI RLH OU ITH SJMOXNJIORL HNNRN tTOST
VWUI X H KHQI t OITOL �� d �HJV WLSHNIJOLIOHU tHMM RWIUO[H RWN MHPHM R^ WL[HNUIJL[OLZ SJL X H JXURNX H[
XY ITOU VHITR[ JU SJL MJNZH WLSHNIJOLIOHU OL ITH ZHLHNJIRN QJNJVHIHNU d
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xL ITOU LRIH v tH OLPHUIOZJIH tTJI HsHSI [OsHNHLI UYUIHVJIOS HNNRNU t OMM TJPH RL ITH VHJUWNHV HLI R^
�V � JL[ UOL��� SRVQJNH[ IR ITH UIJIOUIOSJM HNNRNU NHUWMIOLZ ^NRV ITH � 	 �
�� QNRIRLU RL IJNZHI [JIJ
UHI d y UOLZ ^JKH [JIJ UHIU ZHLHNJIH[ ^NRV VR[OuH[ w ~ UJVQMHU v TWL[NH[U R^ QUHW[R HcQ HNOVHLIU JNH
Q HN^RNVH[ v JL[ ITH HNNRNU RL ITH uI QJNJV HIHNU SJL X H HPJMWJIH[ ^RN VJLY [OsHNHLI NJL[RV NWLU
tTHNH ITH LWVXHN R^ ]JN }HIHSIRN HPHLIU OU UIJIOUIOSJMMY PJNOH[ JNRWL[ ITH QNH[OSIORL d xL ITOU JLJMYUOU v
tH TJPH UIW[OH[ ITH HsHSI R^ J LWVXHN R^ [ OsHNHLI URWNSHU R^ UYUIHVJIOS HNNRNU �


 PJNOJIORLU OL SNRUU UHSIORL QJNJVHIHNU


 OLINJLWKH


 SJMOXNJIORL HNNRNU


 [OsHNHLI X HJV VR[HMU


 QNRIRL RL IJNZHI LRNV JMO�JIORL HNNRNU


 UYUIHV JIOS OLSNHJUHU OL `HJN }HIHSIRN HPHLI NJIHU ^RN URV H HLHNZOHU t OITRWI J SRNNHUQ RL[OLZ
OLSNHJUH OL ITH ]JN }HIHSIRN HPHLI NJIH d


 HNNRNU RL LHWINJM SWNNHLI XJSKZNRWL[

rTOU UIW[Y t OMM IHMM WU TRt tHMM ITH `} [JIJ JL[ w ~ TJPH IR JZNHH X H^RNH J NHMOJX MH V HJUWNHVHLI
R^ ITH QJNJVHIHNU SJL X H Q HN^RNVH[ JL[ ITH X Rc SJL X H RQ HLH[ d rTH VHITR[ [HUSNOX H[ THNH OU PHNY
NRXWUI JZJOLUI MJNZH STJLZHU JUUR SOJIH[ t OIT ITH ZHLHNJIRN aJLYITOLZ ITJI JsHSIU ITH `} JL[ ]} OL ITH
UJVH tJY b JL[ JZJOLUI UYUIHVJIOS [ OsHNHLSHU X HItHHL X HJV VR[HMU d yLSHNIJOLIOHU OL LRNV JMO�JIORL
tTOST V OZTI UIHV ^NRV QRI SRWLIOLZ WLSHNIJOLIY RN u[WSOJM PRMWVH VR[HMOLZ JNH JSSRWLIH[ ^RN OL ITH
uI JL[ [R LRI Q RUH J QNRX MHV d rTH SJMOXNJIORL OU ITH SNOIOSJM UYUIHVJIOS tTOST VWUI X H KHQI t OITOL
�� IR LRI NHL[HN ITH QJNJVHIHN VHJUWNHVHLI OVQRUUOX MH d
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]RN IT OU UIW[Yv tH TJPH WUH[ ITH ]JN_`HJN NJIOR JQQNRJST OLUIHJ[ R^ }JPH �HIYI �U JQQNRJST d rTH �HIYI
VHITR[ OU IR R ~�y OLIHLUOPH IR Q HN^RNV ITH ITRWUJL[U R^ QUHW[R HcQ HNOV HLIU NHzW ONH[ IR JUUHUU ITH
HsHSIU R^ HJST R^ ITH UYUIHVJIOSU UIW[OH[ d
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]RN ITOU LRIH v ITH wRLIH ~JNMR tJU ZHLHNJIH[ t OIT ITH JPR SJ[R wRLIH ~JNMR NHMHJUH v WUOLZ $% &Wc
PHNUORL �' v JL[ NHSRLUINWSIH[ t OIT ( �d�) d rR UHMHSI J UJVQMH R^ ~~\MOKH HPHLIU v tH JQQMY J UHI R^ SWIU
IR UHMHSI tHMM\NHSRLUINWSIH[ HPHLIU t OIT J ~~\MOKH IRQRMRZYd rTH UHMHSIORL SNOIHNOJ JNH JQQMOH[ IR X RIT
ITH [JIJ JL[ wRLIH ~JNMR JL[ JNH JU ^R MMRt U �


 ( HzWONH ITH HPHLI PHNIHc OU OL ITH u[WSOJM PRMWVH d
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 NHSRLUINWSIORL PJNOJX MH �� 	 �
 �� �� 
�� �� �v tTOST HLUWNHU J tHMM uI INJSK d


 INJSK uI ��� �� � �



 �LH JL[ RLMY RLH NHSRLUINWSIH[ INJSK


 LR RITHN HPHLI t OITOL �
 �� R^ ITH UHMHSIH[ HPHLI


 ����
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 �
� R^ NHSRLUINWSIH[ UTRtHN HLHNZY OU [HQ RUOIH[ OL ITH ^WMMY OLUINWV HLIH[ NHZORL a`} RLMY b


 VWRL STJNZH � 



 INJSK PHNIHc � QRUOIORL � 
 �) V

G THL JQQMOH[ IR ITH [JIJ v IT OU UHI R^ SWIU t OMM X H UWQQMHVHLIH[ t OIT J UHI R^ SWIU [HUOZLH[ IR HLUWNH
X HJV JL[ [HIHSIRN zWJMOIYd
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xL ITH SJUH R^ LR RUSOMMJIORLU v ITH QNH[OSIH[ ]JN }HIHSIRN UQ HSINWV OU ZOPHL XY IJK OLZ HJST XOL R^
ITH VHJUWNH[ `HJN }HIHSIRN NHSRLUINWSIH[ HLHNZY UQ HSINWV JL[ VWMIOQ MY OLZ XY ITH NJIOR R^ ]JN_`HJN
OL ITJI X OL JU ZOPHL ^NRV ITH wRLIH ~JNMR d xL UYVXRMU v tH QNH[ OSI ITH LWVXHN R^ LHWINOLRU t OIT
NHSRLUINWSIH[ HLHNZY OL ITH � aIT b HLHNZY XOL IR X H �

* + ,-./01-./ � 2 .313/ 	 
 4 5/�4 5/
a�b

tTHNH 2 .313/ OU ITH LWVXHN R^ LHWINOLRU V HJUWNH[ OL ITH `HJN }HIHSIRN t OIT NHSRLUINWSIH[ HLHNZY OL
ITH � aIT b HLHNZY XOL v �4 5/ OU ITH LWVXHN R^ LHWINOLRU OL ITH � aIT b NHSRLUINWSIH[ HLHNZY XOL OL ITH
`HJN }HIHSIRN wRLIH ~JNMR v JL[ 
 4 5/ OU ITH LWVXHN R^ LHWINOLRU OL ITH � aIT b NHSRLUINWSIH[ HLHNZY
XOL OL ITH ]JN }HIHSIRN wRLIH ~JNMR d ] OZWNH � UTRt U ITH Q HN^RNVJLSH R^ ITH ]JN_`HJN NJIOR v OL tTOST
ITH $% wRLIH ~JNMR tJU WUH[ IR ^RNV ITH ]JN_`HJN NJIOR v JL[ ITH $% �
 wRLIH ~JNMR tJU WUH[ JU
ITH 6[JIJ7 d G TOMH ITH ]JN_`HJN NJIOR [R HU LRI HcJSIMY QNH[OSI ITH $% �
 ]JN }HIHSIRN UQ HSINWV v ITH
QNH[ OSIH[ UQ HSINWV VRNH SMRUHMY NHUHVXMHU ITH $% �
 UQ HSINWV ITJL ITH RNOZ OLJM $% UQ HSINWV [RHU d
xL ITH SJUH R^ RUSOMMJIORLU v RLH TJU IR JQQMY ITH RUSOMMJIORL QNRXJX OMOIY IR ITH INWH LHWINOLR HLHNZY XH^RNH
RLH SJL QNH[ OSI ITH ]JN }HIHSIRN UQ HSINWV d rTOU OU [RLH XY WUOLZ J �\[ TOUIRZNJV R^ NHSRLUINWSIH[ PU d
INWH LHWINOLR HLHNZY ^RN JMM HPHLIU ITJI QJUU ITH UHMHSIORL SWIU OL ITH ]JN }HIHSIRN d rTOU �\[ TOUIRZNJV
OU VJ[H ^RN X RIT ITH UIJL[JN[ ]JN }HIHSIRN wRLIH ~JNMR JL[ ^RN ITH wRLIH ~JNMR OL tTOST JMM 89 �U TJPH
X HHL RUSOMMJIH[ OLIR 8: �U d rTHL v ^RN HJST XOL R^ INWH LHWINOLR HLHNZYv ITH 89 [OUJQQ HJNJLSH QNRXJXOMOIYv;<= OU SRVQWIH[ d xI OU JUUWV H[ ITJI 89 > 8: RLMYv UR ITH 8: JQQ HJNJLSH QNRXJXOMOIY OU IJKHL JU �?;<= d
y UOLZ ITH NHSRLUINWSIH[ PU d INWH LHWINOLR HLHNZY TOUIRZNJV v J QNR@ HSIORL R^ NHSRLUINWSIH[ HLHNZY OU
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]OZWNH � � ~RVQJNOURL X HItHHL ITH $% �
 wRLIH ~JNMR NHSRLUINWSIH[ LHWINOLR HLHNZY [OUINOXWIORL JL[
ITH QNH[OSIH[ UQ HSINJ JNOUOLZ ^NRV ITH NJIOR R^ ]JN_`HJN ^NRV ITH $% wRLIH ~JNMR d rRQ MH^I Q MRI
UTRt U ITH `HJN }HIHSIRN UQ HSINJ d rTH NH[ TOUIRZNJV SRVHU ^NRV $% wRLIH ~JNMR v tTOMH ITH X MJSK
Q ROLIU SRVH ^NRV ITH $% �
 wRLIH ~JNMR d rRQ NOZTI Q MRI UTRt U ]JN }HIHSIRN UQ HSINJ � NH[ UTRt U ITH $%
UQ HSINWV v X MWH UTRt U ITH QNH[ OSIH[ UQ HSINWV JNOUOLZ ^NRV ITH ]JN_`HJN NJIOR � XMJSK UTRt U ITH $% �

UQ HSINWV d �RIIRV MH^I UTRt U ITH NJIOR R^ ITH $% �
 ]JN }HIHSIRN UQ HSINWV [OP O[H[ XY ITH QNH[OSIH[
UQ HSINWV d �RIIRV NOZTI UTRt U ITH NJIOR R^ ITH $% �
 ]JN }HIHSIRN UQ HSINWV [OP O[H[ XY ITH $% ]JN
}HIHSIRN UQ HSINWV
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RATIO METHOD 1.

]OZWNH � � � USTHVJIOS [OJZNJV R^ ITH UIHQU OLPRMPH[ OL QNH[OSIOLZ ITH ]JN }HIHSIRN �Q HSINWV WUOLZ
ITH ]_` NJIOR V HITR[ d

VJ[H ^RN RLH X OL R^ INWH LHWINOLR HLHNZY JL[ OU VWMIOQ MOH[ XY ;<= d rTH UJVH QNR@ HSIORL OU V J[H ^RN
ITH 8: TOUIRZNJV JL[ VWMIOQ MOH[ XY � ? ;<= d rTHUH RUSOMMJIORL USJMH[ QNR@ HSIORLU JNH J[[H[ IRZHITHN d
rTOU QNR SHUU OU [RLH ^RN HJST INWH LHWINOLR HLHNZY X OL v JL[ ITH NHUWMIOLZ T OUIRZNJV U JNH UWVVH[ d rTH
UWV VH[ TOUIRZNJV OU VR[WMJIH[ XY ITH V HJUWNH[ [OUINOXWIORL OL ITH `HJN }HIHSIRN XY VWMIOQ MYOLZ
XY ITH NJIOR 2/��/ IR ZOPH ITH ]JN }HIHSIRN QNH[ OSIH[ UQ HSINWV d
� NOZ OLJMMYv ITH ]_` NJIOR tJU IJKHL ^NRV ITH NHSRLUINWSIH[ TOUIRZNJV U � TRtHPHN v ^RN ITH tRNK UTRtL
OL ITOU QJQ HN v ITH VHITR[ TJU X HHL VR[OuH[ IR IJKH ITH NJIOR TOUIRZNJV SRLUINWSIH[ ^NRV ITH INWH
LHWINOLR HLHNZYd G THL WUOLZ ITH INWH HLHNZY ]_` NJIOR v ITH `HJN }HIHSIRN NHSRLUINWSIH[ LHWINOLR
HLHNZY UQ HSINWV ^NRV ITH [JIJ VWUI uNUI X H SRLPHNIH[ IR J INWH HLHNZY UQ HSINWV d rTOU OU [RLH XY
WUOLZ J �\[ TOUIRZNJV R^ NHSRLUINWSIH[ HLHNZY PU d INWH HLHNZY OL ITH `HJN }HIHSIRN d ] OZWNH � UTRt U J
USTHVJIOS [OJZNJV R^ ITH UIHQU OLPRMPH[ OL QNH[OSIOLZ ITH ]JN }HIHSIRN NHSRLUINWSIH[ LHWINOLR HLHNZY
UQ HSINWV d
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� UHI R^ 6^JKH7 [JIJ OU ZHLHNJIH[ ^NRV UJVQMHU R^ VR[OuH[ wRLIH ~JNMR NWLU d rTH VR[OuSJIORLU JNH
[HUOZLH[ IR OLINR[WSH J URWNSH R^ UYUIHVJIOS HNNRN v JL[ HJST VR[OuSJIORL OU [HUSNOX H[ OL ITH NHUWMI
UHSIORLU X HMRt d rTH `HJN }HIHSIRN UQ HSINWV ^NRV ITH VR[OuH[ w ~ OU IJKHL JU ITH 6[JIJ7 v JL[ J
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rJXMH � � wRSK }JIJ ~TJMMHLZH (HUWMIU

QNH[ OSIH[ ]JN }HIHSIRN UQ HSINWV OU QNR[WSH[ v tTHNH ITH TOUIRZNJV U OLPRMPH[ OL ITH ]_` NJIOR JNH
IJKHL ^NRV ITH UIJL[JN[ wRLIH ~JNMR UJVQMH d � ]JN }HIHSIRN [JIJ UQ HSINWV OU ZHLHNJIH[ WUOLZ ITH
VR[OuH[ wRLIH ~JNMR OL ITH ]JN }HIHSIRN d rTOU ]JN }HIHSIRN [JIJ UQ HSINWV OU RUSOMMJIH[ WUOLZ J OLQWI
UHI R^ RUSOMMJIORL QJNJV HIHNU v ITHL HJST XOL OU &WSIWJIH[ XY [NJt OLZ J NJL[RV LWVXHN ^NRV J �JWUUOJL
t OIT J t O[IT R^ ITH HNNRN R^ ITH LWVXHN R^ HPHLIU OL ITJI X OL d wJLY TWL[NH[U R^ QUHW[R\HcQ HNOV HLIU
JNH ZHLHNJIH[ t OIT [OsHNHLI &WSIWJIORLU OL ITH LWVXHN R^ HPHLIU R^ HJST XOL d

� �� �!� " ��� �! 
yUOLZ w OLWOI v ITH MRZ MOKHMOTRR[ X HItHHL ITH RUSOMMJIH[ QNH[OSIH[ UQ HSINWV JL[ ITH [JIJ UQ HSINWV
OU VJc OV O�H[ IR [HNOPH ITH RUSOMMJIORL QJNJVHIHNU JL[ ITHON HNNRNU d � � � uI TJU JMUR X HHL WUH[ v JL[
ITH NHUWMIU JNH SRLUOUIHLI t OIT ITH MRZ MOKHMOTRR[ uI d rTNHH QJNJVHIHNU JNH OLSMW[H[ OL ITH uI v �V � v
UOL ��� v JL[ JL RPHNJMM LRNV JMO�JIORL d rTH uIU JNH UIW[OH[ OL ItR tJYU � ITH UHLUOIOP OIY SRLIRWN OU
[HNOPH[ XY OLSNHJUOLZ \��MRZ MOKHMOTRR[ XY � d�� a)'� SRLIRWNb JL[ ) d�� a�
� SRLIRWNb ^RN ITH [JIJ UHI
tTHNH ITH LWVXHN R^ HPHLIU OL HJST XOL OU Z OPHL XY ITH RUSOMMJIORL QJNJVHIHNU JL[ ITH Q dR dI ^RN ITH
]} v JL[ ITH UIJIOUIOSJM HNNRNU JNH ZOPHL XY UzNI aHLINOHUb OL HJST XOL d

� � 7�9 	:� 
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rR SRLuNV ITH H
 SJSY R^ ITH ]JN_`HJN NJIOR VHITR[ v tH JQQMOH[ RWN VHITR[ IR ITH wRSK }JIJ
~TJMMHLZH d ] OZWNH � UTRt U ITH UQ HSINJ OL HJST R^ ITH [HIHSIRNU ^NRV ITH wRLIH ~JNMR JL[ ITH VR SK
[JIJ d rTH MH^I Q MRI UTRt U ITH `HJN }HIHSIRN wRLIH ~JNMR JL[ VRSK [JIJ UQ HSINJ v tTOMH ITH NOZTI
Q MRI UTRt U ITH ]JN }HIHSIRN wRLIH ~JNMR v QNH[OSIH[ v JL[ VRSK [JIJ UQ HSINJ d rTH VR SK [JIJ UJVQMH
SRNNHUQRL[U IR ' �� 	 �
�� QNRIRLU RL IJNZHI d ] OZWNH � UTRt U ITH NHUW MIU R^ uIIOLZ ITH VRSK [JIJ d rTH
IRQ MH^I Q MRI UTRt U ITH QNH[OSIH[ ]JN }HIHSIRN UQ HSINWV OL ITH SJUH R^ LR RUSOMMJIORLU JL[ ITH VR SK
[JIJ d rTH IRQ NOZTI Q MRI UTRt U ITH SRLINOXWIORLU R^ HJST [OsHNHLI SMJUU R^ HPHLIU IR ITH UQ HSINWV d rTH
XRIIRV MH^I Q MRI UTRt U ITH UQ HSINWV QNR[WSH[ XY ITH XHUI uI PJMWHU R^ �V � JL[ UOL��� d rTH X RIIRV
NOZTI Q MRI UTRt U ITH �
� SRLu[HLSH NHZORL JL[ zWRIHU ITH X HUI uI PJMWHU d rJXMH � d� UWVVJNO�HU ITH
NHUW MIU d �WN NHUWMIU JNH OL JZNHHVHLI t OIT XRIT ITH ZHLHNJIH[ PJMWHU JL[ }JPH �HIYI �U PJMWHU d
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]OZWNH � � wRSK [JIJ STJMMHLZH UQ HSINJ d rR ITH MH^I v ITH `HJN }HIHSIRN LHWINOLR HLHNZY UQ HSINWV d (H[
UTRt U wRLIH ~JNMR v X MJSK UTRt U VR SK [JIJ d rR ITH NOZTI v ITH ]JN }HIHSIRN LHWINOLR HLHNZY UQ HSINWV d
( H[ UTRt U wRLIH ~JNMR v X MWH UTRt U ITH QNH[ OSIH[ ]JN }HIHSIRN UQ HSINWV OL ITH SJUH R^ LR RUSOMMJIORLU v
X MJSK UTRt U ITH VR SK [JIJ d
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]OZWNH � � ( HUWMIU ^NRV ITH wRSK }JIJ ~TJMMHLZH d rRQ MH^I UTRt U ITH QNH[OSIH[ ^JN UQ HSINWV t OIT LR
RUSOMMJIORLU OL X MWH v JL[ ITH VR SK [JIJ UQ HSINWV OL XMJSK d rRQ NOZTI UTRt U ITH [OsHNHLI SRVQRLHLIU R^
ITH UQ HSINWV d �RIIRV MH^I UTRt U ITH VR SK [JIJ UQ HSINWV t OIT ITH QNH[OSIH[ UQ HSINWV ^NRV ITH X HUI
uI UWQ HNOVQRUH[ d �RIIRV NOZTI UTRt U ITH �
� SRLu[HLSH NHZORL JL[ zWRIHU ITH X HUI uI QJNJV HIHNU
t OIT ITHON HNNRNU d
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]OZWNH � UTRt U ITH NHUWMIU R^ uIIOLZ ITH ]JN }HIHSIRN UQ HSINWV t OIT LR UYUIHVJIOS HsHSIU OLSMW[H[ d
rTH ^JKH [JIJ SRVH ^NRV ITH UJVH WL[HNMY OLZ [OUINOXWIORL JU ITH wRLIH ~JNMR v XWI t OIT RUSOMMJIORL
QJNJV HIHNU R^ �V � � 
 �

�� H� � JL[ UOL��� � 
 �� d rTH UQ HSINWV UTRtL SRNNHUQ RL[U IR J 6UVRRITH[7
HcQHNOVHLI d rTH UQ HSINWV SRVHU ^NRV J wRLIH ~JNMR UJVQMH t OIT � �) 	 �
�� QNRIRLU RL IJNZHI v JL[
OU USJMH[ IR � 	 �
�� QNRIRLU RL IJNZHI � LR UIJIOUIOSJM &WSIWJIORLU JNH OLINR[WSH[ d rTH IRQ MH^I Q MRI
UTRt U ITH ]JN }HIHSIRN QNH[OSIH[ UQ HSINWV OL ITH SJUH R^ LR RUSOMMJIORLU OL X MWH v JL[ ITH ^JKH [JIJ
OL X MJSK d rTH IRQ NOZTI Q MRI UTRt U ITH SRVQRLHLIU R^ ITH QNH[OSIH[ UQ HSINWV d rTH XRIIRV MH^I Q MRI
UTRt U ITH [JIJ t OIT ITH X HUI\uI RUSOMMJIH[ QNH[OSIH[ ]JN UQ HSINWV UWQ HN\OVQRUH[ d rTH X RIIRV NOZTI
Q MRI zWRIHU ITH X HUI uI PJMWHU t OIT ITHON HNNRNU JL[ UTRt U ITH )�� JL[ �
� SRLu[HLSH SRLIRWNU d rTH
X HUI uI PJMWHU R^ �V � v UOL��� JL[ ITH LRNVJMO�JIORL JMM JZNHH t OIT ITH ZHLHNJIH[ PJMWHU d
] OZWNH ) UTRt U ITH NHUW MIU ^NRV �

 QUHW[R HcQ HNOVHLIU t OIT LR URWNSHU R^ UYUIHVJIOS HNNRNU v XWI
t OIT ITH [JIJ Q ROLIU UIJIOUIOSJMMY &WSIWJIH[ d rTH IRQ MH^I Q MRI UTRt U ITH XHUI uI PJMWH R^ �V � ^RN
HJST QUHW[R HcQ HNOVHLI v ITH IRQ V O[[MH Q MRI UTRt U ITH X HUI uI PJMWH R^ UOL��� v JL[ ITH IRQ NOZTI
Q MRI UTRt U ITH X HUI uI PJMWH R^ ITH RPHNJMM LRNVJMO�JIORL d rTH V O[[MH NRt UTRt U TOUIRZNJV U R^ ITH
HNNRN RXIJOLH[ ^RN HJST R^ ITH ITNHH uI QJNJVHIHNU v MH^I UTRt U ITH HNNRN OL �V � v V O[[MH UTRt U ITH
HNNRN RL UOL��� v JL[ ITH NOZTI UTRt U ITH HNNRN RL ITH LRNVJMO�JIORL d rTH X RIIRV MH^I Q MRI UTRt U TRt
VJLY UOZVJ ITH X HUI uI PJMWH R^ �V � tJU ^NRV ITH ZHLHNJIH[ PJMWH v ITH X RIIRV V O[[MH Q MRI UTRt U
ITH LWVXHN R^ UOZV J UOL��� tJU ^NRV ITH ZHLHNJIH[ PJMWH v tTOMH ITH X RIIRV NOZTI UTRt U ITH LWVXHN
R^ UOZVJ ITH X HUI uI PJMWH R^ ITH LRNV JMO�JIORL tJU ^NRV ITH INWH PJMWH d rTH TOUIRZNJV U HJST RLMY
TJPH � �
 HLINOHU v OL[OSJIOLZ ITJI ITH uIU ^NRV ��
 QUHW[R NWLU HOITHN ^JOMH[ IR SRLPHNZH v RN NHIWNLH[
J PJMWH R^ UOL��� ZNHJIHN ITJL � d ]WNITHNVRNH v tH LRIH ITJI ITH V HJL X HUI uI PJMWH OU MJNZHN ITJL ITH
OLQWI PJMWH d rR WL[HNUIJL[ ITH TOZT ^JOMWNH NJIH R^ uIU v UHPHNJM UOLZMH ^JOMWNHU tHNH UIW[OH[ OL [HIJOM d
] OZWNH ' UTRt U J STJNJSIHNOUIOS ^JOMH[ uI d xL ITOU SJUH v ITH uI ^JOMU [WH IR ITH WL^RNIWLJIH UIJIOUIOSJM
UQNHJ[ R^ ITH Q ROLIU � TRtHPHN v O^ UOL��� OU X RWL[H[ IR X H OL ITH QTYUOSJM NHZORL v ITH uI SRLPHNZHU d
G THL UOL ��� OU MOV OIH[ IR XH OL ITH QTYUOSJM NHZORL v �
� R^ ITH uIU SRLPHNZH d
� U JL JIIHVQI IR WL[HNUIJL[ tTY ITH VHJL X HUI uI PJMWHU R^ ITH QJNJVHIHNU JNH TOZTHN ITJL ITH OLQWI
PJMWHU v �

 QUHW[R HcQHNOVHLIU tHNH NWL WUOLZ �
 IOV HU ITH UIJIOUIOSU ^RN HJST NWL d rTH UWVV JNY
QMRIU ^RN ITH OLSNHJUH[ LWVXHN R^ HPHLIU OU UTRtL OL ] OZWNH � d xL ITHUH NWLU t OIT OLSNHJUH[ UIJIOUIOSU v
JMM XWI ItR R^ ITH QUHW[R HcQHNOVHLIU SRLPHNZH[ JL[ NHIWNLH[ NHJURLJXMH X HUI uI PJMWHU d ]WNITHNVRNH v
ITH VHJLU R^ ITH X HUI uI PJMWHU JZNHH t OIT ITH ZHLHNJIH[ PJMWHU v OL[ OSJIOLZ ITJI ITH X OJU OL ITH VHJL
uI PJMWHU UHHL ^NRV ITH � 	 �
�� QUHW[R NWLU UIHV ^NRV ITH MRt UIJIOUIOSU UJVQMHU d
] OZWNH � UTRt U ITH JPHNJZH PJMWH R^ �V � RXIJOLH[ tTHL ITH ^JKH [JIJ OU RUSOMMJIH[ t OIT [OsHNHLI PJMWHU
R^ �V � ^RN � 	 �
�� QNRIRLU RL IJNZHI JL[ UOL��� �
 d� d ] OZWNHU �
 JL[ ]OZWNHU �� UTRt ITH VHJL X HUI
uI PJMWHU R^ UOL��� JL[ ITH LRNVJMO�JIORL NHUQ HSIOPHMYd ]RN MRt ZHLHNJIH[ �V � JL[ � 	 �
�� QNRIRLU
RL IJNZHI v ITH JPHNJZH X HUI uI R^ �V � IHL[U IR X H MJNZHN ITJL ITH ZHLHNJIH[ PJMWH d ]RN MJNZHN PJMWHU
R^ ZHLHNJIH[ �V � v tH IHL[ IR ZHI X HUI uI PJMWHU R^ �V � UMOZTIMY MRtHN ITJL ITH ZHLHNJIH[ PJMWH d rTH
X HUI uI R^ UOL��� [RHU LRI UHHV IR PJNY VWST t OIT ITH ZHLHNJIH[ PJMWH R^ �V � v XWI ITH X HUI uI PJMWH
R^ ITH LRNV JMO�JIORL IHL[U IR VJIST ITH ZHLHNJIH[ PJMWH X HIIHN ^RN TOZTHN ZHLHNJIH[ �V � d

�



 (GeV)reco  E
0 5 10 15 20 25 30

 #
ev

en
ts

/0
.5

 G
eV

 

0

5

10

15

20

25

30

35

Eosc
Entries  50
Mean    6.366
RMS     5.216

Eosc
Entries  50
Mean    6.366
RMS     5.216

 No OscillationPredicted
reco E

 (GeV)reco  E
0 5 10 15 20 25 30

 #
ev

en
ts

/0
.5

 G
eV

 

-110

1

10

h4
Entries  50
Mean    7.181
RMS     5.487

 NC Events τν
 CC Events τν+
 NC Events µν+
 CC Events µν+

 oscillatedτν Predicted
reco E

 (GeV)reco  E
0 5 10 15 20 25 30

 #
ev

en
ts

/0
.5

 G
eV

 

0

5

10

15

20

25

30

35

Efinal
Entries  50
Mean    7.181
RMS     5.487

Efinal
Entries  50
Mean    7.181
RMS     5.487

2 eV
-0.0010

+0.0009
 = 0.0022 2m∆ 

-0.190

+0.359
=0.90 θ22 Sin

0.12

+0.12
 Normalisation=1.00 

 1.0e+20 P.O.T

 OscillatedPredicted
reco E

θ22 Sin

0.5 0.6 0.7 0.8 0.9 1

 2
 (

eV
)

2
 m∆ 

0.001

0.002

0.003

0.004

0.005

 67% and 90% C.L.θ22 vs Sin2 m∆ 

]OZWNH � � ( HUWMIU R^ J UVRRITH[ NWL t OIT LR URWNSHU R^ UYUIHVJIOS HNNRNU OLSMW[H[ d rRQ MH^I UTRt U
ITH QNH[OSIH[ ^JN UQ HSINWV t OIT LR RUSOMMJIORLU OL X MWH v JL[ ITH ^JKH [JIJ UQ HSINWV OL XMJSK d rTH
^JKH [JIJ tJU [NJtL ^NRV ITH UJVH WL[HNMY OLZ [ OUINOXWIORL JU ITH wRLIH ~JNMR v XWI RUSOMMJIH[ t OIT
�V � �
 �

�� H� � JL[ UOL��� � 
 �� d rRQ NOZTI UTRt U ITH [OsHNHLI SRVQRLHLIU R^ ITH UQ HSINWV d
�RIIRV MH^I UTRt U ITH ^JKH [JIJ UQ HSINWV t OIT ITH QNH[OSIH[ UQ HSINWV ^NRV ITH X HUI uI UWQ HNOVQRUH[
JL[ zWRIHU ITH X HUI uI QJNJVHIHNU t OIT ITHON HNNRNU d �RIIRV NOZTI UTRt U ITH )�� JL[ �
� SRLu[HLSH
NHZORLU

�




)
2

 (eV2 m∆
0 0.002 0.004 0.006 0.008 0.01

0

20

40

Entries  310

Mean   0.00251

RMS    0.00074

)θ(22sin
0 0.5 1 1.5 2

0

10

20

30

Entries  310

Mean   0.93087

RMS    0.18711

Normalization
0 0.5 1 1.5 2

0

10

20

30
Entries  310

Mean   1.06182

RMS    0.10903

)
2

 (eV2 m∆Error on 
0 0.001 0.002 0.003 0.004 0.005

0

20

40

Entries  310

Mean   0.00063

RMS    0.00046

)θ(22Error on sin
0 0.2 0.4 0.6 0.8 1

0

20

40

Entries  310

Mean   0.14304

RMS    0.10858

Error on Normalization
0 0.5 1 1.5 2

0

50

100

Entries  310

Mean   0.12217

RMS    0.02401

std
2=0.0022 eV2 m∆

)=0.9θ(22sin
1.0e20 pot

σNumber of 
-10 -5 0 5 10
0

20

40

60 Entries  310

Mean   0.40468

RMS    0.95528

σNumber of 
-10 -5 0 5 10
0

20

40

60 Entries  310

Mean   0.05641

RMS    0.99405

σNumber of 
-10 -5 0 5 10
0

20

40

60
Entries  310

Mean   0.46484

RMS    0.90264

]OZWNH ) � rTH IRQ MH^I Q MRI UTRt U ITH X HUI uI PJMWH R^ �V � ^RN HJST QUHW[R HcQ HNOVHLI v ITH IRQ
V O[[MH Q MRI UTRt U ITH X HUI uI PJMWH R^ UOL��� v JL[ ITH IRQ NOZTI Q MRI UTRt U ITH X HUI uI PJMWH R^ ITH
RPHNJMM LRNVJMO�JIORL d rTH V O[[MH NRt UTRt U TOUIRZNJV U R^ ITH HNNRN RXIJOLH[ ^RN HJST R^ ITH ITNHH uI
QJNJV HIHNU v MH^I UTRt U ITH HNNRN OL �V � v V O[[MH UTRt U ITH HNNRN RL UOL��� v JL[ ITH NOZTI UTRt U ITH
HNNRN RL ITH LRNVJMO�JIORL d rTH XRIIRV MH^I Q MRI UTRt U TRt V JLY UOZVJ ITH X HUI uI PJMWH R^ �V � tJU
^NRV ITH ZHLHNJIH[ PJMWH v ITH XRIIRV V O[[MH Q MRI UTRt U ITH LWVXHN R^ UOZVJ UOL��� tJU ^NRV ITH
ZHLHNJIH[ PJMWH v tTOMH ITH X RIIRV NOZTI UTRt U ITH UJVH ^RN ITH LRNVJMO�JIORL X HUI uI PJMWH d rTHUH
JNH ^RN QUHW[R HcQ HNOVHLIU t OIT � 	 �
�� QRI v �V � �
 �

�� �� � JL[ UOL��� �
 d�
 d

��



 (GeV)reco  E
0 5 10 15 20 25 30

 #
ev

en
ts

/0
.5

 G
eV

 

0

5

10

15

20

25

30

35

40

45

Eosc
Entries  50
Mean    6.366
RMS     5.216

Eosc
Entries  50
Mean    6.366
RMS     5.216

 No OscillationPredicted
reco E

 (GeV)reco  E
0 5 10 15 20 25 30

 #
ev

en
ts

/0
.5

 G
eV

 

-3
10

-210

-110

1

10

h4
Entries  50
Mean    7.091
RMS     5.394

 NC Events τν
 CC Events τν+
 NC Events µν+
 CC Events µν+

 oscillatedτν Predicted
reco E

 (GeV)reco  E
0 5 10 15 20 25 30

 #
ev

en
ts

/0
.5

 G
eV

 

0

5

10

15

20

25

30

35

40

45

Efinal
Entries  50
Mean    7.091
RMS     5.394

Efinal
Entries  50
Mean    7.091
RMS     5.394

2 eV
0.0000

+0.0000
 = 0.0004 2m∆ 

0.000

+0.000
=4.20 θ22 Sin

nan
+nan

 Normalisation=0.96 

 1.0e+20 P.O.T

 OscillatedPredicted
reco E

θ22 Sin

0 0.2 0.4 0.6 0.8 1 1.2

 2
 (

eV
)

2
 m∆ 

0

0.0005

0.001

0.0015

0.002

0.0025

 φ

 67% C.Lθ22 vs Sin2 m∆ 

 (GeV)reco  E
0 5 10 15 20 25 30

 #
ev

en
ts

/0
.5

 G
eV

 

0

5

10

15

20

25

30

35

40

45

Eosc
Entries  50
Mean    6.366
RMS     5.216

Eosc
Entries  50
Mean    6.366
RMS     5.216

 No OscillationPredicted
reco E

 (GeV)reco  E
0 5 10 15 20 25 30

 #
ev

en
ts

/0
.5

 G
eV

 

-210

-110

1

10

h4
Entries  50
Mean    7.104
RMS     5.444

 NC Events τν
 CC Events τν+
 NC Events µν+
 CC Events µν+

 oscillatedτν Predicted
reco E

 (GeV)reco  E
0 5 10 15 20 25 30

 #
ev

en
ts

/0
.5

 G
eV

 

0

5

10

15

20

25

30

35

40

45

Efinal
Entries  50
Mean    7.104
RMS     5.444

Efinal
Entries  50
Mean    7.104
RMS     5.444

2 eV
-0.0004

+0.0005
 = 0.0018 2m∆ 

-0.151

+0.000
=1.00 θ22 Sin

0.11

+0.11
 Normalisation=0.97 

 1.0e+20 P.O.T

 OscillatedPredicted
reco E

θ22 Sin

0 0.2 0.4 0.6 0.8 1 1.2

 2
 (

eV
)

2
 m∆ 

0

0.0005

0.001

0.0015

0.002

0.0025

0.003

0.0035

 φ

 67% C.Lθ22 vs Sin2 m∆ 

]OZWNH ' � rtR Q MRIU UTRt OLZ J uI ^JOMWNH aMH^Ib JL[ ITH UHSRL[ uI tTHL UOL��� OU X RWL[H[ IR X H OL ITH
QTYUOSJM NHZORL aNOZTIb d

� �� �!&���� ���! � $#���  � �� ���% ���� �## #�

� LWVXHN R^ [ OsHNHLI URWNSHU R^ UYUIHV JIOS HNNRNU tHNH OLPHUIOZJIH[ d wRLIH ~JNMR tJU VR[OuH[ OL
ITH tJYU [HUSNOX H[ X HMRt v ITHL ^JKH [JIJ UJVQMHU tHNH ZHLHNJIH[ ^NRV ITH VR[OuH[ wRLIH ~JNMR
t OIT UIJIOUIOSU SRNNHUQ RL[OLZ IR � 	 �
�� QNRIRLU RL IJNZHI d ] OPH\TWL[NH[ QUHW[R HcQ HNOV HLIU tHNH
Q HN^RNVH[ RL HJST R^ ITH VR[OuH[ ^JKH [JIJ UHIU d


 lpCnn �fFkECj �ipiq fkfp �ipEikECjn rR UIW[Y ITH HsHSI R^ STJLZHU OL ITH SNRUU UHSIORL QJ\
NJVHIHNU v ITH $% wRLIH ~JNMR tJU NHtHOZTIH[ WUOLZ ITH w ~( HtHOZTI�`HWZHLxLIHN^JSH QJSKJZHU
IR JSSRWLI ^RN �
� STJLZHU OL zH VJ JL[ NHU VJ v X RIT OL[OP O[WJMMY JL[ IRZHITHN d rTH ^JKH [JIJ
tJU ZHLHNJIH[ WUOLZ ITH NHtHOZTIH[ wRLIH ~JNMR UJVQMH d rTH UIJL[JN[ $% wRLIH ~JNMR tJU
WUH[ IR HPJMWJIH ITH ]JN_`HJN NJIOR d %PHL t OIT MJNZH STJLZHU IR ITHUH SNRUU UHSIORL QJNJV HIHNU v
ITH X HUI uI PJMWHU R^ �V � v UOL��� JL[ ITH LRNVJMO�JIORL JNH RL JPHNJZH t OITOL ITH RLH � HNNRNU
R^ ITH ZHLHNJIH[ PJMWHU d


 �jkpijo�f �JNOJIORLU OL ITH HsHSI R^ xLINJLWKH tHNH HcQMRNH[ XY ZHLHNJIOLZ ITH ^JKH [JIJ UHI
^NRV J wRLIH ~JNMR UJVQMH OL tTOST ITH NHSRLUINWSIH[ UTRtHN HLHNZY tJU OLSNHJUH[ XY �
�
OL XRIT [HIHSIRNU d �LSH JZJOL v ITH X HUI uI PJMWHU R^ ITH QJNJVHIHNU JNH SRLUOUIHLI t OIT ITH
ZHLHNJIH[ PJMWHU d


 ligE�pikECj 	 ppCpn % NNRNU OL ITH ~JMOXNJIORL tHNH HcQMRNH[ XY ZHLHNJIOLZ ITH ^JKH [JIJ UHI ^NRV
J wRLIH ~JNMR UJVQMH OL tTOST ITH ]JN }HIHSIRN NHSRLUINWSIH[ LHWINOLR HLHNZY tJU VWMIOQ MOH[
XY �
� v �
� v ��
� v JL[ ��
� d rTH NHUW MIU ^NRV ITH �

 QUHW[R HcQ HNOV HLIU OL[OSJIH ITJI

��



Entries  498

Mean   0.00218

RMS    0.00028

)
2

 (eV2 m∆
0 0.002 0.004 0.006 0.008 0.01

0

50

100

Entries  498

Mean   0.00218

RMS    0.00028

Entries  498

Mean   0.91480
RMS    0.07800

)θ(22sin
0 0.5 1 1.5 2

0

50

100

Entries  498

Mean   0.91480
RMS    0.07800

Entries  498

Mean   1.00187

RMS    0.03583

Normalization
0 0.5 1 1.5 2

0

50

100

Entries  498

Mean   1.00187

RMS    0.03583

Entries  498

Mean   0.00014

RMS    0.00015

)
2

 (eV2 m∆Error on 
0 0.001 0.002 0.003 0.004 0.005

0

100

200

Entries  498

Mean   0.00014

RMS    0.00015

Entries  498

Mean   0.03708

RMS    0.05018

)θ(22Error on sin
0 0.2 0.4 0.6 0.8 1

0

50

100

150

200
Entries  498

Mean   0.03708

RMS    0.05018

Entries  498

Mean   0.03525

RMS    0.01583

Error on Normalization
0 0.5 1 1.5 2

0

100

200

300

400
Entries  498

Mean   0.03525

RMS    0.01583

std-10e20
2=0.0022 eV2 m∆

)=0.9θ(22sin
1.0e20 pot

Entries  498

Mean   -0.02909

RMS    0.99619

σNumber of 
-10 -5 0 5 10
0

20

40

60

80 Entries  498

Mean   -0.02909

RMS    0.99619

Entries  498

Mean   0.08158

RMS    1.00916

σNumber of 
-10 -5 0 5 10
0

20

40

60

Entries  498

Mean   0.08158

RMS    1.00916

Entries  498
Mean   0.02612

RMS    1.11247

σNumber of 
-10 -5 0 5 10
0

20

40

60

80
Entries  498
Mean   0.02612

RMS    1.11247

]OZWNH � � rTH IRQ MH^I Q MRI UTRt U ITH X HUI uI PJMWH R^ �V � ^RN HJST QUHW[R HcQ HNOVHLI v ^RN �
 	 �
�� v
ITH IRQ V O[[MH Q MRI UTRt U ITH X HUI uI PJMWH R^ UOL��� v JL[ ITH IRQ NOZTI Q MRI UTRt U ITH X HUI uI PJMWH
R^ ITH RPHNJMM LRNVJMO�JIORL d rTH V O[[MH NRt UTRt U TOUIRZNJV U R^ ITH HNNRN RXIJOLH[ ^RN HJST R^ ITH
ITNHH uI QJNJVHIHNU v MH^I UTRt U ITH HNNRN OL �V � v V O[[MH UTRt U ITH HNNRN RL UOL� �� v JL[ ITH NOZTI
UTRt U ITH HNNRN RL ITH LRNVJMO�JIORL d rTH X RIIRV MH^I Q MRI UTRt U TRt VJLY UOZVJ ITH X HUI uI PJMWH
R^ �V � tJU ^NRV ITH ZHLHNJIH[ PJMWH v ITH XRIIRV V O[[MH Q MRI UTRt U ITH LWVXHN R^ UOZVJ UOL ��� tJU
^NRV ITH ZHLHNJIH[ PJMWH v tTOMH ITH X RIIRV NOZTI UTRt U ITH UJVH ^RN ITH LRNVJMO�JIORL XHUI uI PJMWH d
rTHUH JNH ^RN QUHW[R HcQ HNOV HLIU t OIT �V � �
 �

�� �� � JL[ UOL ��� �
 d�
 d

��



=0
.0

02
2

2
 m∆

=0
.0

02
5

2
 m∆

=0
.0

02
8

2
 m∆

=0
.0

03
0

2
 m∆

=0
.0

03
2

2
 m∆

=0
.0

03
5

2
 m∆

=0
.0

03
8

2
 m∆

2
 m∆

R
el

at
iv

e 
o

ff
se

t 
in

 

-0.5

0

-0.5 0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5 5.5 6 6.5-0.5 0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5 5.5 6 6.5

σ
n

u
m

b
er

 o
f 

-2

-1

0

1

2

]OZWNH � � rTH IRQ QMRI UTRt U ITH NHMJIOPH [OsHNHLSH X HItHHL ITH JPHNJZH X HUI uI PJMWH R^ �V � JL[
ITH ZHLHNJIH[ PJMWH ^RN [ OsHNHLI PJMWHU R^ ZHLHNJIH[ �V � d rTH HNNRN XJNU OL[ OSJIH ITH UQNHJ[ R^ ITH
[OUINOXWIORL d rTH X RIIRV QMRI UTRt U ITH LWVXHN R^ UOZV J ITH X HUI uI PJMWH R^ �V � OU JtJY ^NRV ITH
ZHLHNJIH[ PJMWH ^RN ITH [ OsHNHLI PJMWHU R^ ZHLHNJIH[ �V � d rTHUH JNH ^RN QUHW[R HcQHNOVHLIU t OIT
� 	 �
�� QRI JL[ UOL��� �
 d�
 d

��



=0
.0

02
2

2
 m∆

=0
.0

02
5

2
 m∆

=0
.0

02
8

2
 m∆

=0
.0

03
0

2
 m∆

=0
.0

03
2

2
 m∆

=0
.0

03
5

2
 m∆

=0
.0

03
8

2
 m∆

)θ
(22

si
n

0.4

0.6

0.8

1

1.2

-0.5 0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5 5.5 6 6.5-0.5 0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5 5.5 6 6.5

σ
n

u
m

b
er

 o
f 

-2

-1

0

1

2

]OZWNH �
 � rTH IRQ QMRI UTRt U ITH JPHNJZH X HUI uI PJMWH R^ UOL ��� ^RN [OsHNHLI PJMWHU R^ ZHLHNJIH[
�V � d rTH HNNRN XJNU SRNNHUQRL[ IR ITH UQNHJ[ R^ ITH [OUINOXWIORL d rTH X RIIRV QMRI UTRt U ITH
LWVXHN R^ UOZVJ ITH XHUI uI PJMWH R^ UOL��� OU ^NRV ITH ZHLHNJIH[ PJMWH R^ UOL��� ^RN [OsHNHLI PJMWHU
R^ ZHLHNJIH[ �V � d rTHUH JNH ^RN QUHW[R HcQ HNOVHLIU t OIT � 	 �
�� QRI JL[ UOL��� �
 d�
 d

��



=0
.0

02
2

2
 m∆

=0
.0

02
5

2
 m∆

=0
.0

02
8

2
 m∆

=0
.0

03
0

2
 m∆

=0
.0

03
2

2
 m∆

=0
.0

03
5

2
 m∆

=0
.0

03
8

2
 m∆

N
o

rm
al

iz
at

io
n

0.8

1

1.2

-0.5 0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5 5.5 6 6.5-0.5 0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5 5.5 6 6.5

σ
n

u
m

b
er

 o
f 

-2

-1

0

1

2

]OZWNH �� � rTH IRQ QMRI UTRt U ITH JPHNJZH X HUI uI PJMWH R^ UOL ��� ^RN [OsHNHLI PJMWHU R^ ITH ZHLHNJIH[
LRNV JMO�JIORL d rTH HNNRN XJNU SRNNHUQ RL[ IR ITH UQNHJ[ R^ ITH [OUINOXWIORL d rTH X RIIRV QMRI UTRt U
ITH LWVXHN R^ UOZV J ITH X HUI uI PJMWH R^ ITH LRNV JMO�JIORL OU ^NRV ITH ZHLHNJIH[ PJMWH ^RN [ OsHNHLI
PJMWHU R^ ZHLHNJIH[ �V � d rTHUH JNH ^RN QUHW[R HcQ HNOV HLIU t OIT � 	 �
�� QRI JL[ UOL��� �
 d�
 d

�)



SJMOXNJIORL [OsHNHLSHU X HItHHL ITH ItR [HIHSIRNU VWUI X H KHQI X HMRt �� ^RN ITH � 	 �
�� QNRIRL
RL IJNZHI VHJUWNHVHLI d


 � E�fpfjk � go� � pf|EFkECjn ]JKH [JIJ tHNH ZHLHNJIH[ ^RN J LWVXHN R^ [OsHNHLI X HJV SRL\
uZWNJIORLU XY NHtHOZTIOLZ ITH UIJL[JN[ wRLIH ~JNMR IR ITH [OsHNHLI &Wc UQ HSINJ XY WUOLZ TOU\
IRZNJV U QNRPO[H[ XY �JNKR d rTH UQ HSINJ tHNH NHtHOZTIH[ IR ITH $% �
 v $% �
 �'
K� v w�(�
$% �
 v w�( � $% �
 �'
K� v JL[ w�(� $% �
 �

K� X HJV U d ]WNITHNVRNH v ITH UIJL[JN[ $%
X HJV tJU tHOZTIH[ WQ JL[ [RtL XY ITH X HJV UYUIHVJIOS HNNRNU RL ITH ]_` NJIOR d %PHL tTHL
ITH ^JKH [JIJ OU NHtHOZTIH[ IR ITH [OsHNHLI X HJV SRLuZWNJIORLU v ITH JPHNJZH X HUI uI PJMWHU R^
�V � JL[ UOL ��� JNH SRLUOUIHLI t OIT ITH ZHLHNJIH[ PJMWHU d


 � pCkCj Cj Bip�fk � Cpq igE�ikECj 	 ppCpn rTH ^JKH [JIJ UQ HSINJ tHNH USJMH[ IR �
� JL[
��
� R^ ITH INWH PJMWH v ITHL ITH uI tJU Q HN^RNVH[ d rTOU USJMOLZ OU JXURNX H[ OLIR ITH X HUI uI
PJMWH R^ ITH LRNVJMO�IORL OL ITH uI d rTH JPHNJZH X HUI uI PJMWHU R^ �V � JL[ UOL��� JNH SRLUOUIHLI
t OIT ITH ZHLHNJIH[ PJMWHU d


 � fokpig loppfjk FCjkiq EjikECj rTH ^JKH [JIJ UJVQMHU tHNH IJKHL ^NRV [OUINOXWIORLU OL
tTOST ITH LWVXHN R^ LHWINJM SWNNHLI XJSKZNRWL[ HPHLIU tHNH [RWX MH[ d rTH JPHNJZH X HUI uI R^
JMM QJNJVHIHNU JNH SRLUOUIHLI t OIT ITH ZHLHNJIH[ PJMWHU d


 �� |iki�m l 	oj�jC
j 	 |E�fpfjFfn xL JLRITHN UIW[Yv ITH uNUI ' XOLU R^ NHSRLUINWSIH[ LHW\
INOLR HLHNZY tHNH OLSNHJUH[ XY �
� v XWI LR STJLZHU tHNH VJ[H IR ITH ]JN }HIHSIRN NHSRLUINWSIH[
HLHNZY UQ HSINWV d rTOU VR[OuSJIORL tJU VHJLI IR V OV OS ITH HsHSI R^ [HIHSIRN [OsHNHLSHU UWST JU
�wr J^IHN QWMUOLZ d �ZJOL v t OIT ITOU VR[OuSJIORL v ITH JPHNJZH X HUI uI PJMWHU R^ �V � v UOL��� JL[
ITH LRNVJMO�JIORL JZNHH t OIT ITH ZHLHNJIH[ PJMWHU d ] OLJMMYv QUHW[R HcQ HNOVHLIU tHNH Q HN^RNVH[
OL tTOST ITH ^JKH [JIJ tHNH IJKHL ^NRV ITH UIJL[JN[ $% wRLIH ~JNMR v XWI ITH QNH[OSIH[ UQ HS\
INWV SJVH ^NRV VWMIOQ MYOLZ ITH ]_` NJIOR XY ITH VHJUWNH[ `HJN UQ HSINWV t OIT ITH X HJV OL
ITH $% \ �
 QRUOIORL d %PHL t OIT UWXUIJLIOJM [OsHNHLSHU OL ITH `HJN UQ HSINWV QNRQJZJIH[ IR ITH
]JN QNH[ OSIH[ UQ HSINWV v XWI LRI ITH ]JN ^JKH [JIJ UQ HSINWV v ITH JPHNJZH X HUI uI PJMWHU R^ JMM
ITH uI QJNJV HIHNU JZNHH t OIT ITH ZHLHNJIH[ PJMWHU d

�QQ HL[Oc � UTRt U uIU JL[ SRLIRWNU IR ITH UVRRITH[ [OUINOXWIORLU ^RN URVH R^ ITH UYUIHV JIOS UIW[OHU d
�QQ HL[Oc � UTRt U [OUINOXWIORLU ^NRV ITH QUHW[R HcQHNOVHLIU Q MRIU ^RN HJST UIW[Yd �L RPHNJMM UWVV JNY
R^ ITH NHUW MIU JNH UTRtL OL ]OZWNHU �� v �� v JL[ �� d rTHUH uZWNHU HJST TJPH ItR QMRIU � ITH IRQ QMRI
UTRt U ITH VHJL X HUI uI PJMWH ^RN HJST QJNJVHIHN ^RN HJST R^ ITH UYUIHVJIOS UIW[OHU UTRtL d rTH
PHNIOSJM MOLH OL[OSJIHU ITH ZHLHNJIH[ PJMWH v JL[ ITH HNNRN XJNU RL ITH QROLIU NHQNHUHLIU ITH UQNHJ[
R^ ITH [OUINOXWIORL d rTH MRtHN Q MRI UTRt U ITH VHJL LWVXHN R^ UOZV J ITH XHUI uI PJMWH tJU ^NRV ITH
ZHLHNJIH[ PJMWH d ] OZWNH �� UWVVJNO�HU ITH NHUWMIU ^RN ITH X HUI uI PJMWH R^ �V � v ] OZWNH �� UWV VJNO�HU
ITH NHUWMIU ^RN ITH X HUI uI PJMWH R^ UOL��� v JL[ ] OZWNH �� UWVVJNO�HU ITH NHUWMIU ^RN ITH X HUI uI PJMWHU
R^ ITH LRNV JMO�JIORL d
GH JMUR MRRKH[ JI ITH HsHSIU R^ URVH R^ ITH JX RPH VR[OuSJIORLU RL J MJNZHN [JIJ UHI d ] OZWNHU �� �) v
JL[ �' UTRt ITH UWVV JNY R^ NHUWMIU ^RN HcQ HNOV HLIU t OIT �
 IOV HU ITH UIJIOUIOSU d ]NRV ITHUH Q MRIU v
tH UHH ITJI HPHL �� NHMJIOPH SJMOXNJIORL HNNRNU X HZOL IR SJWUH MJNZHN ITJL � � [HP OJIORLU ^NRV ITH INWH
PJMWH R^ UOL��� ^RN TOZTHN UIJIOUIOSU UJVQMHU d
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rTH NJIOR VHITR[ TJU J [NJt XJSK OL ITJI JLY [OsHNHLSHU X HItHHL [JIJ JL[ wRLIH ~JNMR OL J ZOPHL
HLHNZY X OL t OMM X H QNRQJZJIH[ IR ITH UJVH HLHNZY XOL ITH OL ITH ]JN }HIHSIRN UQ HSINWV d x^ ITH [OsHNHLSH
X HItHHL [JIJ JL[ wRLIH ~JNMR JNOUHU ^NRV SNRUU UHSIORL [OsHNHLSHU v ITOU OU ITH JQQNRQNOJIH tJY IR
QNRQJZJIH ITRUH [OsHNHLSHU � TRtHPHN v [OsHNHLSHU OL ITH UQ HSINJ SJWUH[ XY ITH WL[HNMY OLZ Q ORL QJNHLI
&Wc tRWM[ SJWUH [OsHNHLSHU OL ITH ]JN }HIHSIRN UQ HSINWV OL J [OsHNHLI LHWINOLR HLHNZY X OL ITJL
ITH [OsHNHLSH JQQ HJNU OL ITH `HJN }HIHSIRN d rTWU v tH JNH OLPHUIOZJIOLZ J SRVQMHVHLIJNY VHITR[ R^
QNH[ OSIOLZ ITH ]JN }HIHSIRN UQ HSINWV d rTOU OLPRMPHU ITH wJINOc rNJLUQRNI wHITR[ v uNUI QWI ^RNtJN[ XY
�� MHQ HN JL[ �JNJ � v IR INJLUQ RNI ITH `HJN }HIHSIRN UQ HSINWV IR J QNH[OSIH[ ]JN }HIHSIRN UQ HSINWV d
rTOU VHITR[ R^ INJLUQ RNIOLZ J VHJUWNH[ `HJN }HIHSIRN UQ HSINWV IR ITH ]JN }HIHSIRN HcQMROIU ITH
SRNNHMJIORL R^ ITH ItR UQ HSINJ NHUWMIOLZ ^NRV ITH ^JSI ITJI X RIT UQ HSINJ SRVH ^NRV [HSJYU R^ ITH UJVH
WL[HNMY OLZ [OUINOXWIORL R^ QJNHLI QJNIOSMHU d ]RN HJST XOL OL LHWINOLR HLHNZY OL ITH `} v ITH QJNHLI Q ORLU
R^ ITRUH LHWINOLRU SJL X H INJSH[ JL[ OL IWNL v ITH [JWZTIHN LHWINOLRU R^ ITRUH Q ORLU tTOST NHJST ITH
]JN }HIHSIRN SJL X H O[HLIOuH[ d ]RN HcJVQMH v J UOLZMH X OL OL LHWINOLR HLHNZY OL ITH `} t OMM INJLUMJIH
OLIR J [ OUINOXWIORL R^ X OLU OL ITH ]} tTHNH ITH SRLLHSIORL X HItHHL ITH ItR OU ITH Q RUOIORL JL[ � � R^
ITH QJNHLI Q ORLU JL[ ITH JLZWMJN JSSHQIJLSH ^RN ITH LHWINOLRU OL ITH ItR [HIHSIRNU d
rTH VJINOc OU SRLUINWSIH[ XY WUOLZ ITH �`ywx &Wc u MHU IR SNHJIH J TOUIRZNJV R^ ^JN LHWINOLR HLHNZY
PU d LHJN LHWINOLR HLHNZYv tHOZTIH[ XY ITH QJNHLI OVQRNIJLSH tHOZTI IOVHU ITH QNRXJXOMOIY ITJI J
LHWINOLR SRV OLZ ^NRV ITH [HSJY R^ ITOU QJNHLI t OMM T OI ITH SHLIHN R^ ITH ]JN }HIHSIRN d rTHL v HJST XOL
R^ INWH LHJN LHWINOLR HLHNZY OU [ OPO[H[ XY ITH LWVXHN R^ HPHLIU OL ITH `HJN }HIHSIRN t OIT ITJI HLHNZYd
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